Glauber coherent states of quantum systems are reviewed. We construct the tomographic probability distributions of the oscillator states. The possibility to describe quantum states by tomographic probability distributions (tomograms) is presented on an example of coherent states of parametric oscillator. The integrals of motion linear in the position and momentum are used to explicitly obtain the tomogram evolution expressed in terms of trajectories of classical parametric oscillator
Introduction
In quantum mechanics, the states of a particle, e.g., of the harmonic oscillator, are identified with the wave functions ψ(x, t) satisfying the Schrödinger evolution equation [1] , where x is the oscillator position and t is time. The energy levels and stationary states 2 We dedicate this paper to the memory of Roy Jay Glauber, the great scientist and Nobel Prize Winner, on his first death anniversary, December 26, 2019 . Ad Memoriam of Roy Glauber and George Sudarshan is published in [10, 11] and is also available on link.springer.com/article/10.1007/s10946-019-09805-4 and www.mdpi.com/2624-960X/1/2/13. of the oscillator and other systems are obtained by solving the stationary Schrödinger equationĤψ E (x) = Eψ E (x), whereĤ is the quantum system Hamiltonian. Among all solutions of the evolution Schrödinger equations, there are specific Gaussian-packet solutions for which the probability distribution P (x, t) = |ψ(x, t)| 2 of the oscillator position at a given time moment is described by the normal probability distribution of the position x, with a given mean valuex(t) and the dispersion σ(t) =x 2 (t) − (x(t)) 2 . Such packets were studied by Schrödinger [1] , and these oscillator states are similar to classical oscillator states with fluctuating position and momentum. In 1963, while studying the coherence properties of photons, Roy Glauber [2] introduced the notion and terminology of the field coherent states; see also [3] [4] [5] [6] [7] [8] [9] .
For a single mode, the field is modeled by the quantum harmonic oscillator, and the wave function ψ α (x, t) of the harmonic oscillator is the Gaussian packet satisfying the Schrödinger evolution equation. Generic Gaussian states and entropic inequalities for these states for multimode photon states were studied in [12] .
The function ψ α (x, t = 0) is the eigenfunction of the photon annihilation operator aψ α (x) = αψ α (x), where α is the complex number α = α 1 + iα 2 ; see also [13, 14] .
The photon annihilationâ and creationâ † operators satisfy the bosonic commutation relations [â,â † ] = 1. In the coherent states of the harmonic oscillator, the Heisenberg uncertainty relations [15] for dimensionless position and momentum have the property (x 2 −x 2 )(p 2 −p 2 ) = 1/4 andx 2 −x 2 =p 2 −p 2 = 1/2. The coherent state properties of the oscillator were studied in [2, 3, 4] . The properties of the coherent states of photons were also considered by Sudarshan [16] .
The aim of our work is to discuss the coherent states of the parametric oscillator, i.e., of the oscillator with time-dependent frequency ω(t). The Schrödinger evolution equation for such oscillator was solved in [17] . There is no energy levels of the parametric oscillator, and the energy is not the integral of motion. For a classical parametric oscillator, the integral of motion, being quadratic in the position and momentum, was found by Ermakov [18] .
The quantum operator quadratic in the position and momentum, being the integral of motion, contains an explicit dependence on time in the Schrödinger representation, as was found in [19] . This quantum integral of motion is an analog of the classical Ermakov invariant, and it was used to find different solutions to the Schödinger equation in [19] .
It was shown in [20] that the parametric oscillator has the linear (in the position and momentum) integrals of motionÂ(t) andÂ † (t), which have the commutation properties of bosonic annihilation and creation operators, i.e., [Â(t),Â † (t)] = 1. In view of what we said above, one can extend the construction of Glauber coherent states to the case of the parametric oscillator; see, e.g., [21] ). In view of developing the technique of homodyne tomography of photon states [22] based on the relation between the Radon transform [23] of the Wigner function [24] of the quantum system state with optical tomogram, which is a fair probability distribution of the photon quadrature found in [25, 26] , the suggestion to identify the quantum state with the probability distribution as a primary object was done in [27] ; see also the review [28] .
The kinetic equation for the tomographic probability distribution, which is the optical tomogram of the quantum state, with the wave function obeying the Schrödinger evolution equation, was obtained in [29, 30] . This equation is compatible with the kinetic equation for the symplectic tomogram of quantum states introduced and studied in [27, 31] . Such tomogram exists and obeys the kinetic equation for the fair probability distributions also in the case of a spin-1/2 particle, with the wave function satisfying the Pauli equation [32] .
Thus, in addition to the review of Glauber's coherent states for the wave function of the parametric oscillator, we consider the oscillator coherent states in the probability representation of quantum mechanics.
We present the evolution for the tomographic probability distributions determining the oscillator states and construct the probability distributions of the oscillator position in the form of normal distribution with time-dependent parameters. The tomographic probability distributions identified with the coherent states satisfy the kinetic equations equivalent to the Schrödinger equation for the wave function and the von-Neumann equation for the density matrix of the parametric oscillator. As an application of the formalism, we discuss the stimulated Raman scattering process in the probability representation of quantum mechanics in [33, 34, 35] . The problem of parametric oscillator was studied using different methods in [36] [37] [38] [39] [40] [41] [42] [43] .
This paper is organized as follows.
In Sec. 2, we present the method of linear integrals of motion to find coherent states of a parametric oscillator. In Sec. 3, we give a review of the conditional probability representation of quantum states of the parametric oscillator. In Sec. 4, we construct the joint probability distribution of three random variables for the parametric oscillator in coherent states. In Sec. 5, we consider the evolution of the parametric oscillator in the probability representation of quantum mechanics. Our conclusions and prospectives are given in Sec. 6.
Integrals of Motion of Parametric Oscillator and

Coherent States
The parametric oscillator has the Hamiltonian
We assume the Planck constanth = 1, the oscillator mass m = 1, and frequency at time t = 0, i.e., ω(0) = 1. The Schrödinger equation for the oscillator wave function ψ(x, t) in the position representation
was solved in [17] , and various methods to study this equation and its solutions were suggested in [20] . The method based on finding the system's integrals of motion, which are operators quadratic in the position and momentum, was used in [19] .
The Ermakov integral of motion for a classical parametric oscillator was found in [18] .
The quantum version of the classical Ermakov invariant depends on the solution of the classical nonlinear equation [36, 37, 38, 40, 41] . Invariants, which are linear in the position and momentum operators, were found in [20] .
The time-dependent operatorsÂ(t) andÂ † (t) of the form
are the linear integrals of motion satisfying the conditions
for function ǫ(t) satisfying the equation of motion for the classical parametric oscillator
For initial conditions of the function ǫ(t) of the form ǫ(0) = 1,ǫ(t) = i, the integrals of motion (2) and (3) satisfy the commutation relation
and these operators coincide for t = 0 with the annihilationâ and creationâ † operators of the harmonic oscillator, i.e.,
The coherent states of the parametric oscillator |α, t satisfying the equationÂ(t)|α, t = α|α, t , where eigenvalues of the integral of motionÂ(t) do not depend on time, are obtained from an analog of the ground state of harmonic oscillator |0, t satisfying the Schrödinger equation and the conditionÂ(t)|0, t = 0 by means of the Weyl operator, which is the integral of motion
The coherent state reads
One can check that the function
is the normalized solution to the Schrödinger equation (2); for t = 0, it is equal to the wave function ψ 0 (x) = π −1/4 exp(−x 2 /2) of the oscillator ground state satisfying the condition
The Fock states of the parametric oscillator |n, t satisfying the Schrödinger equation and the conditionÂ † (t)Â(t)|n, t = n|n, t , where n = 0, 1, 2, . . ., are given by the formula
The coherent states of the parametric oscillator (6) are expressed in terms of Fock states (8),
Since the coherent state |α, t is given by Eq. (6), which provides the relation
one has an explicit expression for the wave function of the coherent state in the position representation; it reads
The wave function ψ n (x, t) = x|n, t can be obtained using the generating function for
Hermite polynomials
and formula (9), where the parameter α is used to get the coefficient in the series determining the vector |n, t and consequently the wave function ψ n (x, t) in the decomposition of the coherent-state wave function (10) . We obtain the wave function ψ n (x, t) in an explicit form as follows:
For ω(t) = 1 and ǫ(t) = e it , the coherent-state wave function becomes
The wave function (12) has the standard form
3 Tomographic Probability Representation of the Para-
metric Oscillator States
The density matrix ρ α (x, x ′ , t) of coherent states (6) of the parametric oscillator has the Gaussian form,
In [27] , the construction of the symplectic tomographic probability representation of the system states with continuous variables, like the oscillator, was proposed using the invertible map of the state density operators at time t = 0 onto fair conditional probability distributions w ρ (X|µ, ν) of a random variable (oscillator position) −∞ ≤ X ≤ ∞. It depends also on the parameters −∞ < µ, ν < ∞ characterizing the reference frame in the phase space (q, p), where this position is measured. The map is given by the relation
The function is called the symplectic tomogram of the oscillator state. The given formula can be used to express the density operator in terms of the tomogram (probability distribution) w ρ (X|µ, ν), i.e.,
In (16) and (17), operatorsq andp are the position and momentum operators, respectively; also we assume the Planck constanth = 1 as well as the oscillator mass m = 1.
For pure states |ψ , the expressions for the symplectic tomogram can be given in terms of the fractional Fourier transform of the wave function [44] ,
Tomograms of pure and mixed states are nonnegative and satisfy the normalization condition for arbitrary values of parameters µ and ν, i.e., w ρ (X|µ, ν) dX = 1.
The tomogram is related to the state's Wigner function W (q, p) [24] given by the Fourier transform of the density matrix ρ(x, x ′ ),
The relation is given by the Radon transform [23] w(X|µ, ν) = W (q, p)δ(X − µq − νp) dq dp 2π .
The Wigner function can be reconstructed if the tomogram is known,
For experimental study of photon states, optical tomograms w (opt) (X|θ) measured by homodyne detectors, where X is the photon quadrature and θ is a local oscillator phase, are used to reconstruct the Wigner function [22] .
The symplectic tomogram determines the optical tomogram w ρ (X|θ) given by the relation
which can be rewritten in terms of the Wigner function using the Radon transform
This means that
and, in view of the Dirac delta-function property δ(λx) = |λ| −1 δ(x), the optical tomogram determines the symplectic tomographc probability distribution
For the parametric oscillator state with the wave function (7), the symplectic tomographic probability distribution is the normal distribution of a random variable X; it has the form
Here, the dispersion parameter reads
This expression follows from the relation determined by the contribution of the Dirac delta-function term in the density operator (17)
which provides the equality
For the parametric oscillator state with the wave function (7), one has q = 0, p = 0,
and the covariance term satisfies the relation depending on the correlation coefficient
This equality means that the state (7) provides the bound in the Schrödinger-Robertson [45, 46] uncertainty relation.
Thus, we have the following property of the quantum parametric oscillator state (7) .
The variances and covariances of these oscillator state are determined by the solution ǫ(t) andǫ(t) for the classical parametric oscillator motion. The correlation coefficient r(t), being dependent on time t, is expressed also in terms of the trajectories ǫ(t) andǫ(t) of the classical parametric oscillator [47] ,
For the coherent state of the parametric oscillator with the wave function (10), the tomographic probability distribution w α (X|µ, ν, t) has the form of the normal probability distribution
whereX
and q α = √ 2ℜ(αǫ * (t)), p α = √ 2ℑ(αǫ * (t)).
The parameter σ α (µ, ν, t) = σ(µ, ν, t) is given by (27) .
Thus, the fair probability distribution (32) describes coherent states of the parametric oscillator, and this probability distribution contains complete information on the state.
The optical tomographic probability distribution w (opt) α (X|θ) of the coherent state, which can be measured by the homodyne detector, has the form (32) with the parameters µ = cos θ and ν = sin θ. This means that, for the parametric oscillator, the optical tomogram of the coherent state reads
where the mean photon quadrature is X(θ, t) = cos θ √ 2ℜ(αǫ * (t)) + sin θ √ 2ℑ(αǫ * (t)) and σ α (θ, t) = cos 2 θ |ǫ(t)| 2 2 + sin 2 θ |ǫ(t)| 2 2 + sin 2θ |ǫ(t)ǫ(t)
The physical properties of coherent states of the parametric oscillator depend on frequency ω(t). Varying the frequency, one can create both the squeezing phenomenon, i.e., |ǫ(t)| 2 < 1 or |ǫ(t)| 2 < 1, as well as the correlation phenomenon, when |ǫ(t)ǫ(t)| 2 > 1. The uncertainty relation [45, 46] guarantees that, for the classical complex trajectory ǫ(t), one has the inequality |ǫ(t)ǫ(t)| 2 ≥ 1. One can conjecture that, in the case of correlated coherent states discussed in [47] , the squeezing phenomenon of Gaussian states can also take place. The dependence on the parameters µ and ν of the symplectic tomogram w ψ (X|µ, ν) provides the interpretation of the tomographic conditional probability distribution of the system position in the given reference frame. Using the Bayes' formula, the joint probability distribution w ψ (X, µ, ν) with the corresponding conditional probability distribution (18) can be introduced [48] w ψ (X, µ, ν) = w ψ (X|µ, ν)P(µ, ν),
where P(µ, ν) is an arbitrary normalized marginal probability distribution 0 ≤ P(µ, ν) ≤ 1, i.e., P(µ, ν) dµ dν = 1.
For example, the function P(µ, ν) can be chosen as the normal distribution P(µ, ν) = 1 π exp(−µ 2 − ν 2 ). For a harmonic oscillator with frequency ω = 1 and m = 1 described by the wave function of the coherent state (13) , the tomogram w α (X, µ, ν, t = 0) is given as the normal joint probability distribution of three random variables
whereX = √ 2 (µRe α + νIm α) and σ = (µ 2 + ν 2 )/2.
For coherent state, the parametric oscillator tomogram w α (X|µ, ν, t) determines the joint probability distribution
The joint probability distribution (39) of three random variables X, µ, and ν provides the possibility to reconstruct tomogram (16) using the Bayes' formula w ρ (X|µ, ν) = w α (X, µ, ν)P −1 (µ, ν). 
In this section, we demonstrate that the evolution is given, using a specific change of the variables X, µ, ν → X(t), µ(t), ν(t) determined by the classical trajectories ǫ(t) andǫ(t).
In view of the properties of the Dirac delta-function δ(λy) = |λ| −1 δ(y), the tomogram w(X|µ, ν, t) for arbitrary time t has the property w(λX|λµ, λν, t) = |λ| −1 w(X|µ, ν, t).
The density operatorρ(t) of an arbitrary state of the parametric oscillator evolves according to the following form of the solution
of the von Neumann equationρ
Here, the unitary operatorÛ (t) is the solution of the Schrödinger equation
Calculating the tomographic probability distribution w ρ (X|µ, ν, t), in view of (16), we arrive at
Using the relationÛ
where operatorsq H (t) andp H (t) are the position and momentum operators of the parametric oscillator in the Heisenberg representation, we obtain the tomogram w ρ (X|µ, ν, t)
as follows:
Parameters µ H (t) and ν H (t) are linear combinations of the parameters µ and ν with coefficients depending on the functions ǫ(t) andǫ(t). The integrals of motionÂ(t) and
A † (t) (3), satisfying comutation relations (4) and the conditions
provide the possibilities to obtain the Heisenberg position operatorq H (t) and momentum operatorp H (t) satisfying the equations
as the linear combination of operatorsq andp. This means that we obtain the following transform of the Dirac delta-function:
Finally, we have explicit expressions for operatorsq H (t) andp H (t) in terms of complex functions ǫ(t) andǫ(t); they read
In view of these explicit expressions, we arrive at
Thus, for an arbitrary state of the parametric oscillatorρ(0), the initial tomogram w ρ(0) (X|µ, ν)
becomes the tomographic probability distribution with the time dependence given by formula (48) , where the parameters µ H (t) and ν H (t) are given by (53). Such kind of tomographic probability evolution takes place for arbitrary systems with Hamiltonians quadratic in the position and momentum.
Conclusions
To conclude, we point out the main results of our work.
We reviewed the known solution to the Schrödinger equation for parametric oscillator.
We constructed the probability distributions, which can be identified with coherent states 
